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Abstract
At a young age French mathematician,
Evariste Galois made a dent in the field of
abstract algebra. Coined in the 1800’s,
Galois theory has served as a bridge
between group theory and field theory. A
topic mathematicians have explored is
determining solvability methods for
polynomials and the form of its solutions.
Subsequently, the existence of polynomials
that are not solvable by radicals serve as a
motivation to study Galois’ work. The
present study examined polynomials of
varying degree up to the quintic polynomial,
which serves as a primal demonstration of
the importance of Galois theory.

Key Terms
 Algebraic: an element α ∈ K is said to
be algebraic over a polynomial F if α
is a root of some nonzero polynomial
f(x) ∈ F[x] . If α is not algebraic, it is
said to be transcendental.
 Extension Field: if K is a field
containing the subfield F, then K is
said to be an extension field or an
extension of F. denoted K/F
 Splitting Field: the extension field K of
F is called a splitting field for the
polynomial f(x) if f(x) factors
completely into linear factors in K[x]
and f(x) does not factor completely in
to factors over any proper subfield of
K containing F

Galois Theory
If F is an algebraic Galois
extension field of K, then there is
a one-to-one correspondence
between the set of all
intermediate fields of the
extension and the set of all
closed subgroups of the Galois
group such that:
(i). F is Galois over every
intermediate field E, but E is
Galois over K iff the
corresponding subgroup E’ is
normal in G.

Polynomials
To begin we explore polynomials
whose results are more familiar.
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 Quadratic: 𝑎𝑎𝑥𝑥 + 𝑏𝑏𝑏𝑏 + 𝑐𝑐
Roots:

−𝑏𝑏± 𝑏𝑏2 −4𝑎𝑎𝑎𝑎
2𝑎𝑎
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 Cubic: 𝑥𝑥 + 3𝑝𝑝𝑝𝑝 + 2𝑞𝑞
Roots:

3

−𝑞𝑞 +
4

2

2
𝑞𝑞

+

3
𝑝𝑝

 Quartic: 𝑥𝑥 + 𝑟𝑟𝑟𝑟 + 𝑠𝑠𝑠𝑠 + 𝑡𝑡

Expected roots 𝛼𝛼1 , … , 𝛼𝛼4 satisfy the following
equations:
1. 𝛼𝛼1 + 𝛼𝛼2 + 𝛼𝛼3 + 𝛼𝛼4 = 0
2. 𝛼𝛼1 𝛼𝛼2 + 𝛼𝛼1 𝛼𝛼3 + 𝛼𝛼1 𝛼𝛼4 + 𝛼𝛼2 𝛼𝛼3 + 𝛼𝛼2 𝛼𝛼4 + 𝛼𝛼3 𝛼𝛼4 =𝑟𝑟
3. 𝛼𝛼1 𝛼𝛼2 𝛼𝛼3 +𝛼𝛼1 𝛼𝛼2 𝛼𝛼4 + 𝛼𝛼1 𝛼𝛼3 𝛼𝛼4 + 𝛼𝛼2 𝛼𝛼3 𝛼𝛼4 = −𝑠𝑠
4. 𝛼𝛼1 𝛼𝛼2 𝛼𝛼3 𝛼𝛼4 = 𝑡𝑡

The Quintic

The quintic polynomial (degree 5)
presents a challenge to finding its
roots. Namely because it cannot be
solved using radicals.
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𝑓𝑓 𝑥𝑥 = 𝑥𝑥 − 6𝑥𝑥 + 3 ∈ ℚ 𝑥𝑥
By Eisenstiens criterion, with p=3,
𝑓𝑓 𝑥𝑥 is irreducible over ℚ.
By the Fundamental Theorem,
[E:ℚ]=|Gal(E/ℚ)| thus the order of
the Galois group is divisible by 5.
Subsequently, Gal(E/ℚ) ⊂ 𝑆𝑆5

The subgroup lattice above demonstrates the
connection between the Klein four-group.
ℚ 3, ℚ 6 , ℚ 2 correspond to {1,𝑓𝑓}, 1, 𝑓𝑓𝑓𝑓 ,
and 1, 𝑔𝑔 , respectively.

